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ABSTRACT
One possible explanation of the cavity in debris discs is the gravitational perturba-
tion of an embedded giant planet. Planetesimals passing close to a massive body are
dynamically stirred resulting in a cleared region known as the chaotic zone. Theory of
overlapping mean-motion resonances predicts the width of this cavity. To test whether
this cavity is identical to the chaotic zone, we investigate the formation of cavities by
means of collisionless N -body simulations assuming a 1.25 − 10 Jupiter mass planet
with eccentricities of 0−0.9. Synthetic images at millimetre wavelengths are calculated
to determine the cavity properties by fitting an ellipse to 14 per cent contour level.
Depending on the planetary eccentricity, epl, the elliptic cavity wall rotates as the
planet orbits with the same (epl < 0.2) or half (epl > 0.2) period that of the planet.
The cavity centre is offset from the star along the semimajor axis of the planet with a
distance of d = 0.1q−0.17e0.5pl in units of cavity size towards the planet’s orbital apocen-
tre, where q is the planet-to-star mass ratio. Pericentre (apocentre) glow develops for
epl < 0.05 (epl > 0.1), while both are present for 0.05 6 epl 6 0.1. Empirical formulae
are derived for the sizes of the cavities: δacav = 2.35q
0.36 and δacav = 7.87q
0.37e0.38pl for
epl 6 0.05 and epl > 0.05, respectively. The cavity eccentricity, ecav, equals to that of
the planet only for 0.3 6 epl 6 0.6. A new method based on Atacama Large Millime-
ter/submillimeter Array observations for estimating the orbital parameters and mass
of the planet carving the cavity is also given.
Key words: celestial mechanics — planets and satellites: dynamical evolution and
stability — planet-disc interactions — methods: numerical
1 INTRODUCTION
Early in the IRAS mission three nearby A-type stars, Vega,
Fomalhaut, and β Pictoris were discovered which show in-
frared (IR) excess at wavelengths of 25, 60 and 100µm
(Aumann et al. 1984; Gillett 1986). Combining with sub-
sequent spatially resolved scattered light imaging of β Pic-
toris (Smith & Terrile 1984), these measurements indicated
that the observed excess emission comes from circumstellar
discs composed of dust particles larger than the interstellar
grains (Backman & Paresce 1993). Since, under the influ-
ence of stellar radiation forces, such grains are removed on
a time-scale much shorter than the age of the star, their
presence imply a continuous dust replenishment from col-
lisions/evaporation of larger planetesimals that are unseen
for us (Backman & Paresce 1993).
Debris dust is produced when collisions of planetesi-
mals are violent enough to be disruptive, which requires a
? E-mail: regaly@konkoly.hu
dynamical stirring of the parent bodies’ motion. Kenyon &
Bromley (2004) proposed a self-stirring scenario, in which
the large (Pluto sized) planetesimals forming via collisional
coagulation of smaller bodies, perturb the orbits of neigh-
bouring smaller planetesimals exciting their inclination and
eccentricity. Wyatt (2005) and Mustill & Wyatt (2009) pro-
posed an alternative scenario in which a giant planet trig-
gers a collisional cascade by its secular perturbation exciting
planetesimals’ eccentricities and inclinations.
Passing close to the planet planetesimals feel strong
gravitational perturbation. As the eccentricity and inclina-
tion of bodies are excited they can scatter out from the sys-
tem or be accreted by the star. Those planetesimals which
enter the instantaneous Hill sphere of the planet can be ac-
creted by the planet itself. Thus, there is a region of unstable
orbits on which bodies can not remain in the disc and even-
tually a cavity forms in the disc surrounding the planetary
orbit called the chaotic zone (see e.g., Quillen 2006; Su et
al. 2013). Therefore, the observed dust free inner holes ob-
served in debris discs (see e.g., Williams et al. 2004) can be
c© 2017 RAS
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explained as a result of the gravitational perturbation of a
giant planet.
Recently, several giant planets were discovered orbit-
ing young (few tens of million years) stars at a large dis-
tances (10−70 au), e.g., HR 8799 (Marois et al. 2008, 2010),
β Pic (Lagrange et al. 2009, 2010), and HD 95086 (Rameau
et al. 2013). Planet(s) and the planetesimal disc can inter-
act with each other in many ways (see e.g., Ertel, Wolf, &
Rodmann 2012). Secular perturbations from a inclined or
eccentric planet can cause warps or tightly wound spirals in
the disc (Roques et al. 1994; Mouillet et al. 1997; Beust &
Morbidelli 2000; Augereau et al. 2001; Wyatt 2005; Daw-
son, Murray-Clay, & Fabrycky 2011; Apai et al. 2015), and
contribute significantly to its stirring and initiation of a col-
lisional cascade far from the planet (Wyatt 2008; Mustill &
Wyatt 2009).
Based on the theory of overlapping first-order mean-
motion resonances (MMR) Wisdom (1980) derived an ana-
lytic formula for the extent of the chaotic zone exterior to
the planetary orbit (apl(1 + δach)) for a circular planet and
found δach = 1.3q
2/7, where q is the planet-to-star mass ra-
tio. Considering eccentric planets in numerical simulations
Quillen & Faber (2006) found that δach is independent of
epl for q 6 10−3. However, the chaotic zone width was
found to be increasing with epl (Bonsor, Mustill, & Wy-
att 2011), which is due to the widening of MMRs resulting
in δach = 1.8(qef)
1/5 being valid for epl 6 ecrit = 2.1q1/4,
where ef is the forced eccentricity of particles (Mustill & Wy-
att 2012; Deck, Payne, & Holman 2013). For epl > ecrit nu-
merical simulations showed that δach ' 5apl,H, where apl,H
is the planetary Hill radius at its apocentre distance (Pearce
& Wyatt 2014). Recently, Morrison & Malhotra (2015) rein-
vestigate the circular case and found δach = 1.7q
0.31.
With the advent of Atacama Large Millime-
ter/submillimeter Array (ALMA) debris discs can be
observed with high spatial resolution enabling us to mea-
sure the extent and shape of the possible planet carved
cavity in these wavelengths. Ertel, Wolf, & Rodmann
(2012) found that particles trapped in 1:1 MMR of a planet
with epl 6 0.1 can be detected in millimetre wavelengths.
In collisional simulations the co-orbiting 1:1 MMR are
also found to be populated for a 1 − 10MJup planet on a
circular orbit (Chiang et al. 2009; Nesvold & Kuchner 2015)
Faramaz et al. (2014) modelled the long-term interactions of
collisionless particles with 0.1 − 1MJup planet on epl = 0.6
orbit and found that the 3:2 and 2:1 MMRs inside the
chaotic zone are significantly populated.
In this paper, we investigate how the size and shape of
the cavity carved by a giant planet is altered by particles in
MMRs orbiting inside the chaotic zone. We show that the
cavity geometry observable in high-resolution ALMA images
can be different from the so-called chaotic zone mainly due
to the fact that the cavity shape is always elliptic, whose
eccentricity differs from that of the planetary orbit.
The outline of the paper is the following. The numeri-
cal method applied to model the planetesimal-planet inter-
action and the initial conditions of simulations are given in
Section 2. Section 3 describes our calculations of synthetic
thermal images in the millimetre wavelength using N -body
simulations. Our findings regarding the properties the cav-
ity for different planetary masses and orbital eccentricities
are presented in Section 4. In Section 5 a discussion on our
results, previous investigations and the observable proper-
ties of the planet carved cavity seen on synthetic ALMA
images are presented. A new method for the determination
of the orbital parameters of a known mass planet based on
high-resolution ALMA images is also given in Section 5. The
paper closes with a summary and conclusion in Section 6.
2 N -BODY SIMULATIONS
While optical and IR measurements predominantly trace
micrometer-sized grains whose spatial distribution are sig-
nificantly affected by the stellar radiation pressure, ob-
servations at millimetre wavelengths probe rather those
millimetre-sized particles that are largely insensitive to radi-
ation forces and thereby can serve as proxy for their parent
planetesimals. To investigate the formation of a cavity by an
embedded giant planet in debris discs, we run N -body sim-
ulations modelling the gravitational perturbation of a giant
planet on the planetesimal disc.
We apply the restricted three body approach, i.e., the
star and giant planet gravitationally interact with each other
and perturb the orbits of planetesimals. In this approach the
orbits of massive bodies are not perturbed by the planetesi-
mals. We use a Graphical Processing Unit (GPU) based di-
rect N -body integrator HIPERION1, utilizing sixth-order
Hermite scheme with double precision (Makino & Aarseth
1992; Nitadori & Makino 2008). The HIPERION code cal-
culates all steps of the gravitational interactions and the
solutions of the equation of motion on a GPU, i.e. no host-
to-device communication is required. The simulations were
performed on NVIDIA Tesla 2075 and K40 GPUs with a
mean flop rate 135 GFLOPS s−1.
The sixth-order Hermite scheme is found to be the most
effective (taking into account the mean iteration time for a
given precision using various order schemes) for our pur-
poses. Initially N = 5 × 105 massless particles are in the
computational domain, whose number decrease to about
2.25× 105 by the end of each simulation because of scatter-
ing out or accreting by the star or planet. The large number
of particles used in the simulations enables us to create syn-
thetic millimetre images with low Poisson noise.
The planet-to-star mass ratio (q) is in the range of 1.25×
10−3 − 10 × 10−3 (corresponding to 1.25-10 Jupiter mass
for a Solar mass star in the centre). We investigate models
with different planetary eccentricity (epl) in the range of
0 − 0.9. To model the clearing of the cavity formed around
the planetary orbit for wide range of epl the semimajor axis
of planet is set such that the planetary apocentre is fixed at
1, i.e., apl = 1/(1 + epl) in our units.
The semimajor axis of particles initially follow uniform
distribution in the range of 0.8 apl−2 apl(1+epl) and are on
Keplerian orbits around the barycentre. The ascending node
and the argument of periapses of particles are uniformly
distributed in the range 0− 2pi.
We investigate collisionally excited planetesimal con-
figurations for which cases the eccentricity and inclination
of particles follow Rayleigh distribution (Lissauer 1993).
1 http://www.konkoly.hu/staff/regaly/research/hiperion.html.
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Figure 1. Calibration of the chaotic zone by fitting an ellipse to the dust emission (normalized to the maximum intensity and convolved
with a 0.1′′ × 0.1′′ Gaussian beam) at 1.4 mm for q = 5× 10−3 and epl = 0 cold disc model. Dust particles orbiting in 1:1 (blue) MMR
are neglected for the calibration process (left) and included for the general fitting procedure (right). Grey circle represents the planetary
orbit. To emphasize particles trapped in 1:1 MMR their emission is artificially strengthened. Note that during the cavity fitting process
no artificial intensity strengthening was applied.
In order to investigate the effect of the planetesimals’ ini-
tial eccentricity and inclination distribution on the forma-
tion of the planetary cavity, we study dynamically cold and
hot discs. In these cases the planetesimals are initially dis-
tributed in a vertically slim and thick disc, respectively.
It is known that the initial mean square values of the
eccentricity, <e2plms>, and inclination, <i
2
plms>, of planetes-
imals are such that <e2plms>=<2i
2
plms>based on N -body
simulations (Ida & Makino 1992). Thus, assuming that the
initial disc configuration is the result of collisional excita-
tions, the planetesimals’ initial eccentricity and inclination
are assumed to be <e2plms>= 0.01 and <i
2
plms>= 0.005 for
cold, and <e2plms>= 0.05 <i
2
plms>= 0.025 for hot disc mod-
els.
Adaptive shared time-step is used with second-order
Aarseth scheme (Press & Spergel 1988) with η = 0.015−0.02
(higher planetary eccentricity requires smaller η to limit the
calculation error to a certain value). The total energy of the
system is conserved with accuracy of dE/E0 < 10
−9 by the
end of the simulations in all models.
Adaptive time-step method requires to remove parti-
cles – which gain large acceleration due to close encounters
with the massive objects – from the computational domain.
Therefore, the planet can accrete particles which enter its
instantaneous Hill sphere (RH = dpl(q/3)
1/3, dpl being the
stellar distance).2 Additionally, particles approaching the
star closer than 0.1 apl or go beyond 30 apl are also removed
from the computational domain. With these conditions par-
ticles with high eccentricities (about 0.8) still remain inside
the computational domain.
In a certain region along the planetary orbit periodic
2 Note that the size and shape of the cavity carved by the planet
is found to be the same if planetary accretion is not allowed.
orbits do not exist, only conditionally periodic or chaotic
ones present, due to the gravitational perturbation of the
planet. As a result, this region, the so-called chaotic zone, is
largely emptied of particles. Assuming that the chaotic zone
edge is about ach ' 2apl distance, the time-scale of secular
perturbation at a distance of the chaotic zone edge is tsec =
2pi(1 − e2pl)3/2/[
√
GM∗/a3ch(3q/4)(ach/apl)
2] corresponding
to Nsec ' 113(1 − e2pl)−3/2 number of orbits (Kaula 1962;
Heppenheimer 1978; Mustill & Wyatt 2009). Therefore, we
ran simulations by 5×104 and 2×105 orbits for epl 6 0.5 and
epl > 0.6, respectively, corresponding to ∼ 500− 2000Nsec.
3 MEASUREMENTS ON CAVITY
Assuming that the spatial distribution of millimetre-sized
dust particles follows that of their parent planetesimals (Wy-
att 2006), the outer edge of the planet carved cavity can be
determined based on the thermal emission of dust particles
at millimetre wavelengths. First, the N -body simulations are
spatially scaled up by 50, thus planetary apocentre distance
corresponds to 50 au. We use DUSTMAP3 to calculate the
emission of dust particles assuming that the disc is at 100 pc
distance. The stellar parameters required for calculating the
disc’s thermal emission correspond to a 20 Myr old Solar
type star: M∗ = 1M, T∗ = 4580 K, L∗ = 0.48L, and
log g = 4.5 (Siess, Dufour, & Forestini 2000).
We chose the stellar age to be consistent with the
age required to clear the cavity by the giant planet even
for the largest applied planetary eccentricity (see details
3 ’Synthesizes images of simulated debris discs’, DUSTMAP
3.1.2 is developed by Christopher C. Stark. The package can be
downloaded from http://www.starkspace.com/code/
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in Section 4.1). The absorption and emission properties of
dust particles correspond to that of astronomical silicates
(Draine & Lee 1984). The synthetic images are calculated
at a wavelength of λ = 1.3 mm with resolution of 512× 512
pixels corresponding to spatial resolution of 0.002′′. To
mimic continuum observations at millimetre wavelengths by
ALMA a Gaussian convolution is applied with beam size of
0.1′′ × 0.1′′. As a last step, images are normalized by their
maximum pixel intensity.
The size of the outer planetary chaotic zone can be
given as ach = apl(1 + δach), where δach is the width of
the chaotic zone. Based on the theory of overlapping reso-
nant orbits δach ' 1.3q2/7apl, which gives δach = 0.29 for
our q = 5 × 10−3 circular model (Wisdom 1980). Since the
chaotic zone can be populated by resonant particles, the
size of the cavity identified on observed images is different.
Therefore, we determine the cavity by selecting appropri-
ate contour lines of the emission (close to the cavity edge)
and fit an ellipse based on the method of Markwardt (2009).
The cavity size and shape can be described by the semima-
jor axis, acav = apl(1 + δacav), and the eccentricity, ecav, of
the best fitting ellipse.
The appropriate intensity range for the contour level
is determined such that the theoretical prediction of the
chaotic zone width and our measurements of the cavity size
agree, i.e. δacav ' δach. Since particles in MMRs are ne-
glected in the overlapping resonance theory, the emission of
dust particles in the co-orbital (1:1) MMR for the epl = 0
model is artificially removed during the calibration process.
Left hand panel of Fig. 1 shows the result of our calibra-
tion process for q = 5 × 10−3 and epl = 0 cold disc model.
The cavity width is δacav = 0.3, if we select contours that
have intensities between 14% and 15%. Interestingly the cav-
ity is not circular but has an eccentricity of ecav = 0.21 even
for a circular planetary orbit. As particles in MMRs may
contribute to the millimetre-emission with a significant level,
they must be taken into account when calculating the cavity
size, for which case we found δacav = 0.37 and ecav ' 0.44
(right hand panel of Fig. 1).
Testing the calibration process with different emission
wavelengths in the range of 870µm − 3mm we did not find
any change in the size and shape of the planet carved cav-
ity. We also tested the calibration process against the stel-
lar luminosity and mass by setting the stellar age between
6 Myr−1 Gyr and 0.5M−2M, respectively. We found no
significant dependence of the cavity size and shape on the
stellar luminosity and mass, which can be explained by that
the millimetre-emission is concentrated to a narrow belt and
we normalize the synthetic images.
In the followings to determine the planet carved cavity
size and shape, contour lines in the intensity range of 14%−
15% per cent (taking into account the emission of particles
in MMRs) are selected and fitted by an ellipse.
4 RESULTS
4.1 Converged equilibrium state of cavity
In order to check that the cavity is in a converged equi-
librium state at the end of simulations δacav and ecav are
determined at every 500th planetary orbits when the planet
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Figure 2. The size (top panel) and eccentricity (bottom panel)
of the cavity as a function of the number of planetary orbits for
q = 5 × 10−3 cold disc models. Note that the number of orbits
must be multiplied by 4 for epl > 0.6 models.
is at apocentre. Top panel of Fig. 2 shows δacav against the
number of planetary orbits for different epl cold disc mod-
els. For moderate eccentricities (epl 6 0.5) δacav is saturated
by 5× 104 orbits, however, for large planetary eccentricities
(epl > 0.6) δacav saturates only by 2× 105 orbits.
Bottom panel of Fig. 2 shows ecav against the number of
planetary orbits. ecav clearly shows saturation in all models
by 104 orbits for epl 6 0.7 and by 105 for epl > 0.7. ecav is
found to be greater than epl for epl 6 0.6, while ecav always
lower than epl for epl > 0.7. For hot disc models, the same
behaviour of growth rates of δacav and ecav were found.
4.2 Role of resonant particles
The orbital elements of particles are determined based on
their positions and velocities taken at the end of simula-
tions. Table 1 shows the three most populated MMRs for all
planetary eccentricities modelled for q = 5 × 10−3 planet.
As one can see, four groups can be identified based on that
which MMR inside the chaotic zone is the most populated
one. Fig. 3 shows the eccentricity versus semimajor axis of
particles for the four different models (epl = 0.1, 0.4, 0.8
and 0.9), representing the four different groups. The most
populated MMR clumps inside the chaotic zone are found
to be the 1:1, 2:1, 3:1, and 4:1 for planetary eccentricity in
the ranges of 0− 0.2, 0.3− 0.7, 0.8 and 0.9, respectively. 3:2
and 5:2 MMRs are populated only for 0 6 epl 6 0.2 and
0.3 6 epl 6 0.6, respectively. 2:1 MMR is nearly empty for
c© 2017 RAS, MNRAS 000, 1–14
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Table 1. Most populated MMR inside the chaotic zone given by
Pearce & Wyatt (2014) in hot and cold disc models with 5 Jupiter
mass planet.
epl MMR 1 MMR 2 MMR 3
0 1:1 3:2b −
0.05 1:1 3:2b −
0.1 1:1 3:2 −
0.2 1:1 3:2 2:1
0.3 2:1 5:2a −
0.4 2:1 5:2 −
0.5 2:1 5:2 −
0.6 2:1 5:2 3:1a
0.7 2:1 3:1 −
0.8 3:1 4:1a −
0.9 4:1 − −
a Populated only for cold disc models. b MMR is not detached
from the disc.
epl < 0.1 in agreement with (Tabeshian & Wiegert 2016),
while populated for wide range of planetary eccentricities
(0.1 < epl 6 0.8). Populations of 3:1 and 4:1 MMRs can be
observed only for epl > 0.7 and epl > 0.9, respectively. Em-
phasize that all these MMRs, except the 4:1, are inside the
chaotic zone (see Fig. 3) derived by Pearce & Wyatt (2014).
Fig. 4 shows the thermal emission of the debris discs for
the four representative models (epl = 0.1, 0.4, 0.8, and 0.9)
for four different orbital phases of the planet. Fig. 4 also
shows the fitted chaotic zone edge by taking into account
(ellipse with blue dashed line) and neglecting (ellipse with
red dashed line) the emission of MMRs, which are inside the
chaotic zone. Note that the emission of particles in the most
populated MMRs (shown with blue and purple colours) are
artificially enhanced to emphasize their presence, however,
during the chaotic zone fitting this artificial enhancement
was not applied.
The MMR clumps rotate around the star as the planet
takes a full revolution (see reddish and bluish coloured
clumps). If significant number of particles are trapped in
these MMRs they may affect the size and shape of the planet
carved cavity. However, it is appreciable that while the el-
lipse semimajor axis are nearly independent of the MMR
emission, the oblateness of the chaotic zone edge is some-
what smaller if the MMR emissions are neglected. More-
over, independent of the MMR emissions, the cavity ellipse
corotates with the planet for epl 6 0.2 (top row in Fig. 4)
and rotates with a period which is half that of the planet
for epl > 0.3 models (lower three rows of Fig. 4). This is
because of the fact that particles are apsidally aligned with
the planet as was shown in Kuchner & Holman (2003).
4.3 Cavity centre offset
The cavity always appears offset from the star (the star is
not at the geometric centre of the cavity or the disc it-
self) along the semimajor axis of the planet towards the
apocentre (Fig. 4). The magnitude of the stellar offset in-
creases with the planetary eccentricity. Note that the offset
become significant (commensurable to the beam size) for
Figure 3. Semimajor axis versus eccentricity of particles for q =
5 × 10−3 and epl = 0.1, 0.4, 0.8, and 0.9 cold disc models (apl
decreases with increasing epl). Positions of MMRs are shown with
grey lines. The outer chaotic zone size given by Mustill & Wyatt
(2012) and Pearce & Wyatt (2014) are shown with red and blue
dashed lines, respectively. The cavity sizes derived by our thermal
emission method are shown with purple dashed lines. The giant
planet is represented by red filled circle.
epl > 0.2 models. Empirical formula for the offset distance
(measured in units of the cavity size, acav) as a function
of the planetary mass and eccentricity can be given in the
form d = c1q
c2ec3pl by applying 2D nonlinear least-squares
Marquardt-Levenberg fitting algorithm, which results in
d = 0.1q−0.17e0.5pl , (1)
with errors in c1, c2, and c3 found to be ∼ 5%, ∼ 6%, and
∼ 2%, respectively. Interestingly, the offset is found to be
inversely proportional to the planetary mass. This can be
explained by the fact that the 3:4 MMR becomes signif-
icantly populated shifting further the fitted ellipse centre
c© 2017 RAS, MNRAS 000, 1–14
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Figure 4. Change in the cavity edge (dashed blue line) as the q = 5×10−3 planet takes a revolution around the star for epl = 0.1, 0.4, 0.8,
and 0.9 models (which represent the four class shown in Fig. 3) shown in rows with the parameters of the cavity. The cavity edge of the
models without MMRs is also shown (dashed red line). The field of view is 3′′×3′′ in all panels. Four orbital phases of the planet (true
anomaly is V = pi, 5pi/4, 0 and 3pi/4) are shown. The emission of particles in the most populated MMRs (shown with blue and purple
colours) are artificially enhanced to emphasize them (MMRs 1:1 purple and 2:1 blue for epl = 0.1; MMR 2:1 blue for epl = 0.4; MMR
3:1 blue for epl = 0.8, and MMR 4:1 blue for epl = 0.9). White filled discs and white ellipses represent the planet and its orbit. The
white X denotes the centre of the cavity, whose distance measured from the star, d in units of apl, is also shown.
from the star for q 6 1.25×10−3, while these resonances are
emptied for more massive planets.
The stellar offset is found to be slightly dependent on
the planet’s orbital phase. As a result, the magnitude of d
has an average 10 per cent scatter around its mean value.
4.4 Brightness asymmetries
Another notable property of the disc’s millimetre thermal
emission is the brightness asymmetry appeared beyond the
cavity wall. For a circular planet a weak brightness de-
pression form near the 2:1 MMR (see Fig. 1). We note
that the clearing of the 2:1 MMR has also been identified
by Tabeshian & Wiegert (2016). Moreover, the azimuthal
brightness profile across the peak has ∼10 per cent con-
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Figure 5. Panel (a): 2D fit to the cavity size as a function of planetary eccentricity and mass in cold disc models. Panel (b): cavity size
versus planetary mass for epl = 0, 0.05, 0.3 and 0.6 in cold disc models. Panels (c) and (d): cavity size and eccentricity versus planetary
eccentricity for q = 5 × 10−3 in cold and hot disc models, respectively. δacav, ecav are determined for 40 different orbital phases of the
planet. The cavity parameters are shown with purple and grey markers if the emission of MMR particles are taken into account, while
orange and green if they are neglected. Former predictions of δach by Mustill & Wyatt (2012) and Pearce & Wyatt (2014) are also
shown with red and blue lines, respectively. Error bars represent 2σ interval of δacav and ecav during one planetary orbit. Shaded regions
emphasize the most populated MMRs in a given models.
trast between the minimum and maximum. Note, that this
feature is equivalent to the local maximum in the radial
brightness profile found by Nesvold & Kuchner (2015) for
their q > 10−3 model.
For an eccentric planet, the brightness peak always ap-
pears close to the apocentre of the planetary orbit (see
Fig. 4). The apocentre glow is permanent independent of
the planet’s orbital phase. The contrast between the apoc-
entre glow and the fainter parts of the disc increases, while
the azimuthal extension of the glow also increases up to
epl = 0.2, then decreases with the planetary eccentricity. By
analysing the azimuthal brightness profiles for the investi-
gated planetary eccentricities the followings were found: (1)
the brightness difference between the maximum and mini-
mum intensities is found to be in the range of 12 – 50 per
cent; (2) the magnitude of the azimuthal extension of the
glow starts with ∼ 160 deg, peaks at ∼ 300 deg, and ends
with ∼ 120 deg.
The brightening is caused by that the planet forcing
particles to eccentric orbits such that the particles apocen-
tres are aligned to the planets apocentre. As a result, an ap-
parent particle concentration appears close to the planet’s
orbital apocentre, which is dubbed as apocentre glow by
Wyatt (2005).
By analysing the thermal images we found that the
apocentre glow is caused by particles which are trapped
in MMRs situated beyond the cavity wall. These MMRs
are the 2:1 and 5:2 for 0.1 6 epl 6 0.2, 3:1 and 4:1 for
0.3 6 epl 6 0.6, and 4:1 and 5:1 for 0.7 6 epl 6 0.9. Although
the spatial distributions of resonant particles are found to be
slightly varied during a planetary orbit (especially for high
planetary eccentricity, epl > 0.6).
4.5 Empirical formula for cavity size
Both δacav and ecav are subject to a slight variation during
the planetary orbit. Therefore, we calculate orbitally aver-
aged mean values for δacav and ecav by fitting the cavity
for 40 distinct orbital phases of the planet. We found that
δacav is nearly independent of epl for epl < 0.05 (panel (a)
of Fig. 5) similarly to what was found by Quillen & Faber
(2006) for δach, however, they derived somewhat larger crit-
ical planetary eccentricity of 0.3. Quillen & Faber (2006)
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investigated q 6 10−3 regime, therefore we hypothesize that
this critical eccentricity decreases with planetary mass.
Empirical formulas for δacav as a function of q and epl is
derived by 2D nonlinear least-squares Levenberg-Marquardt
algorithm. For epl < 0.05 the best-fitting formulae are
δacav = 2.35q
0.36 (2)
and for epl > 0.05
δacav = 7.87q
0.37e0.38pl . (3)
Note that all the fitted parameters of δacav(epl, Mpl) surface
have less than 3% error.
Panel (b) of Fig. 5 shows δacav measured for six differ-
ent planetary masses (1.25 × 10−3 6 q 6 10 × 10−3) and
empirical formula for the cavity size as a function of q given
by Equations (2) and (3) for epl = 0, 0.05, 0.3 and 0.6. It
is notable that the cavity size agrees with the chaotic zone
width given by Wisdom (1980) for epl = 0 and 0.05 models.
Panel (c) of Fig. 5 shows δacav measured for different
planetary eccentricities (0 6 epl 6 0.9) and our empiri-
cal formula for the cavity size given by Equation (2) and
(3) for the cold and hot disc models with q = 5 × 10−3.
Measurements of δacav are shown with and without tak-
ing into account the emission of MMR particles. The pre-
dictions of the chaotic zone width given by Mustill & Wy-
att (2012) (δach = 1.8(qef)
1/5) and Pearce & Wyatt (2014)
(δach = 5(1 + epl)[q/(3 − epl)]1/3) are also shown. It is ap-
preciable that our method gives values of δacav between the
former predictions of δach. δacav is found to be independent
of the magnitude of initial eccentricity and inclination of
planetesimals as their values are very similar for cold and
hot disc models. Note that fluctuations in δacav can be ob-
served during a planetary orbit, whose amplitude can reach
approximately 10 per cent for high planetary eccentricities
(epl > 0.5). This can be explained by that the orbits of
particles in populated MMRs are apsidally aligned with the
planet such that their apocentre are anti-aligned with that of
the planet. As a result, their emissions are highly asymmet-
ric when the planet is at pericentre (see, e.g., the rightmost
columns of the two lower rows in Fig. 4).
Panel (d) of Fig. 5 shows ecav versus epl for cold and
hot disc models with q = 5 × 10−3. Measurements of ecav
are shown with and without taking into account the emission
of MMR particles. The mean values of ecav are found to be a
non-monotonic function of epl: its minimum and maximum
are at ecav ' 0.2 and ecav ' 0.6, respectively. ecav is also
found to be very similar for cold and hot disc models. We
emphasize that ecav and epl agree only in a narrow range
of planetary eccentricity, i.e. for 0.3 < epl < 0.6. On the
contrary, Pearce & Wyatt (2014) assumed that the chaotic
zone edge has the same eccentricity as the planet. Note that
the magnitude of the change in ecav, as the planet takes a
full revolution, can be significant (large error bars) for all
models.
The mean values of δacav do not change significantly
if particles in the MMRs are neglected [see green and or-
ange markers for cold and hot discs, respectively on panel
(c) of Fig. 5]. However, the mean values of ecav are signif-
icantly lower if particles in the MMRs are neglected [see
green and orange markers for cold and hot discs, respec-
tively on panel (d) of Fig. 5]. Thus, although the particles
in MMRs do not affect the semimajor axis of the cavity sig-
nificantly, the shape of the cavity indeed strongly depends
on the emission of those particles. Therefore, the area of the
cavity (a2cav
√
1− e2cavpi), being sensitive to the presence of
MMR particles, is larger if we neglect the resonant particles.
5 DISCUSSION
5.1 Comparison to previous works
For a circular planetary orbit the chaotic zone width can
be given by a simple formula, δach = 1.3q
2/7, based on the
theory of overlapping resonances (Wisdom 1980). Quillen &
Faber (2006) have shown that this formula fits their models
assuming epl 6 0.3, i.e. δach is independent of the planetary
eccentricity. However, Mustill & Wyatt (2012) provided a
new formula for the chaotic zone width, δach = 1.8(eplq)
1/5,
based on the fact that the width of the MMRs grows with the
particle’s eccentricity that is significantly pumped up by an
eccentric planet. Based on numerical simulations, Pearce &
Wyatt (2014) give an approximate expression for the chaotic
zone width, δach ' 5apl,H = 5apl(q/3)1/3 implicitly assum-
ing that the chaotic zone edge has an elliptic shape whose
eccentricity is the same as that of the planet.
In Section 4.5, we have shown that the size of the cavity
(following an approximate (qe)3/8 law profile) is different
from that of the chaotic zone given by previous works for
an epl > 0.05 eccentric planet (see Fig. 5). We have also
pointed out that the eccentricity of the cavity edge is always
eccentric (ecav & 0.2) even for circular planets independent
of the emission of MMR particles. Moreover, the cavity edge
eccentricity is similar to the planet eccentricity only for 0.3 6
epl 6 0.6.
In order to explain our results, first, we have to em-
phasize the difference in the method applied in the previ-
ous investigations for determining the cavity size. Quillen &
Faber (2006) and Rodigas, Malhotra, & Hinz (2014) deter-
mined the cavity size based on particle lifetime (being equal
to the time which is required to gain extremely high eccen-
tric orbits) measurements. Mustill & Wyatt (2012) select
chaotic orbits by the high number of peaks in the Fourier
transform of the eccentricity evolution spectrum. Another
method to measure the width of the cavity is based on cal-
culating the half-brightness distance of the radial brightness
profile of the debris disc (Chiang et al. 2009; Nesvold &
Kuchner 2015). These studies implicitly assumed that the
cavity edge is circular or similar to that of the planet. The
radial brightness profile is applicable as long as the cavity
edge is circular, which is not the case as we have presented
in Fig. 5. This is why we fit an ellipse to the the thermal
emission of the cavity edge rather than measuring the radial
brightness profile, which resulted in somewhat smaller δacav
than that of Mustill & Wyatt (2012).
Further notable differences to previous numerical inves-
tigations of the chaotic zone is that former studies used an
order of magnitude smaller number of test particles. This
can cause high Poisson noise of synthetic images or low
signal-to-noise ratio of radial brightness profiles. To miti-
gate the Poisson noise one can average together several (10-
50) outputs of integration steps (see, e.g., Pearce & Wyatt
2014; Nesvold & Kuchner 2015). Another possibility is to
spread each surviving particles out along its orbit, in which
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case, a particle is cloned and placed at discrete locations
along its orbit (see, e.g. Chiang et al. 2009; Rodigas, Mal-
hotra, & Hinz 2014). However, these procedures may affect
the inferred size of the cavity (presumably increases) due
to the fact that the cavity takes a full revolution during
a planetary orbit. We emphasize that we do not use any
of these procedures, as in our simulations there are quar-
ter of million survived particles in the disc at the converged
equilibrium state. Thanks to our synthetic image calculation
method, we were able to identify azimuthal brightness asym-
metries in the debris disc similarly to an additional peak in
radial brightness profile developed beyond 2:1 MMR found
by Nesvold & Kuchner (2015).
Here we have to mention some caveats of our models.
We applied the restricted three-body approach, thus the per-
turbation on the planetary orbit such as planetary preces-
sion (Pearce & Wyatt 2015) or migration and subsequent
fail of trapping particles in MMRs for an eccentric plane-
tary orbit (epl > 0.075, Mustill & Wyatt 2011; Reche et al.
2008 are neglected. However, our assumption is plausible as
long as the mass of the disc is much less than that of the
giant planet.
In our investigation, we did not assume further plan-
ets orbiting in the system. Additional planet(s) exchanging
significant amount of angular momentum with the sculpting
planet can cause fluctuation in its eccentricity. In this case,
a high eccentricity of the sculpting planet could suggest the
existence of a second planet in the system.
We applied a collisionless model in which case the spa-
tial distribution of millimetre sized dust particles follow that
of the planetesimals. Stark & Kuchner (2009) have shown
that collisional destruction of grains is enhanced in MMR.
Considering collisions of planetesimals assuming an embed-
ded several Jupiter mass planet on circular orbit, Nesvold &
Kuchner (2015) found that MMRs are depleted in planetes-
imals (except for the 1:1 MMR) resulting in 15−25 per cent
larger cavity size (see their fig. 2) than the previous predic-
tion of Mustill & Wyatt (2012). Note that our study also
gives larger cavity sizes by about 15 per cent than that of
Mustill & Wyatt (2012). Nevertheless, to investigate the ef-
fect of MMR planetesimals on the cavity size, we artificially
removed their emission. We found that MMR particles have
no significant effect on δacav (Fig. 5), however, their absence
results in smaller but non-zero ecav. Thus, we think that al-
though taking into account the collisions of planetesimals
can be essential, the cavity carved by the giant planet is not
identical to the chaotic zone because of the cavity wall is
not circular.
Note that care must be taken applying the presented
method on scattered light images as the radiation pressure
(possibly smearing out resonant structures) can not be ne-
glected for small grains which dominate those images. Fi-
nally, we did not consider multiple planets orbiting in the
system for which case our empirical formula might also be
inadequate.
5.2 Synthetic ALMA images
To investigate observable properties of the cavity carved by
a giant planet synthetic ALMA images are calculated in the
millimetre wavelengths with ALMA Observation Support
Tool version 5.0 for four q = 5 × 10−3 models assuming
Figure 6. Effect of the image resolution on the brightness profiles
(solid lines) across the cavity wall: Dcav/σ¯ ' 12.5 (blue) and
12.5/4 (red) obtained for the calibration images and synthetic
ALMA images, respectively. The critical intensity levels for the
calibration images (dot-dashed blue) and the synthetic ALMA
images (dot-dashed red) are also shown.
epl = 0.05, 0.1, 0.4 and 0.8. The source model for the syn-
thetic ALMA images is the thermal emission of simulated
discs (see Fig. 4) assuming source distance and size of 100 pc
(top row of Fig. 7) and apl = 50 au (lower row of Fig. 7),
respectively. Nesvold & Kuchner (2015)found that MMRs
could be unpopulated due to effect of collisions. To con-
sider this effect the emission of particles trapped in MMRs
inside the chaotic zone (MMR#1 and #2 presented in Ta-
ble 1) are removed. The source position on the sky resem-
bles that of HD 95086, i.e., δ=-68◦40′2.5′′. The synthetic im-
ages are obtained for C43− 5 antenna configuration result-
ing in σ¯ ' 0.37′′ beam size (σ¯ = (σx + σy)/2). The cen-
tral frequency and bandwidth of ALMA observations are
230.16 GHz and 7.5 GHz, respectively. We assume an aver-
age atmospheric condition with precipitable water vapour
of 1.796 mm. The resulting images are deconvolved with the
CLEAN algorithm using natural weighting. The on-source
time is set to 3 h, assuming optimal zenith distance, i.e 1.5 h
exposure prior and after culmination of the target. The sur-
face density of the discs, i.e the model image brightness is
scaled such that the synthetic images have a total flux of
about 2 mJy, which corresponds to the flux densities scaled
to 100 pc of the brightest known debris discs at 1.3 mm (see,
e.g., Marino et al. 2016; Lieman-Sifry et al. 2016).
5.3 Measurements on ALMA images
To measure the cavity properties seen on synthetic ALMA
images first an appropriate intensity level, Ic, is required as
described in Section 3. The appropriate intensity level for
the maximum normalized thermal images having σ = 0.1′′
is found to be I0c = 14%. However, Ic depends on the image
resolution. The slope of the brightness profile at the cavity
wall decreases with increasing beam size, therefore the image
brightness is somewhat higher at the defined position of the
cavity edge for lower image resolution. The source distance
has the same effect, i.e. if the source is resolved by smaller
number of beams, higher value of Ic is necessary, see Fig. 6.
We define the effective image resolution expressed by
the number of beams resolving the cavity, Dcav/σ¯, where
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Figure 7. Synthetic ALMA images (assuming C43-5 antenna configuration) calculated for q = 5× 10−3 and epl = 0.05, 0.1, 0.4 and 0.8
models. The source distance is assumed to be 100 pc (top panel) and 50 pc (bottom panel). The emission of the most populated MMR 1
and MMR 2 (which are detached from the disc, see Table 1) are removed from the source models. The field of view is 4′′×4′′ and 8′′×8′′
for the top and bottom panels, respectively. The dashed and solid lines represent the fitted cavity edge and planetary orbit, respectively.
The blue filled circles show the planet’s orbital position. The obtained signal-to-noise ratios (defined as the ratio of the peak intensity to
the rms on the image where there is no source emission) are also shown. The offsets of the stellar position and the cavity centre, d, are
also shown.
Dcav is the estimated diameter of the cavity in arc seconds.
The brightness profile of the cavity wall can be approxi-
mated by the convolution of a perfect step function (the cav-
ity wall seen with infinitely large resolution) and a Gaussian
function assuming full width at half maximum being equal
to the effective beam size of the ALMA observation, which
reads
I =
1
2
(
1 + Erf
(
xcav
σ¯/Dcav
))
, (4)
where
Erf(x) =
2√
pi
∫ x
0
e−z
2
dz. (5)
Assuming that the critical intensity level is Ic = 0.14 and
Dcav/σ¯ ' 12.5 (see our calibration process on Fig. 1), the
numerical solution of the Equation (4) gives xcav ' −0.06.
The cavity wall on synthetic ALMA images having an effec-
tive resolution of Dcav/σ¯ ' 12.5/4 (top row of Fig. 7) and
Dcav/σ¯ ' 12.5/2 (lower row of Fig. 7) should be at the same
position as in the calibration image, therefore the critical in-
tensity levels set to Ic ' 0.4 and Ic ' 0.3, respectively.
To determine the orbital parameters of a putative
planet that carves the cavity observed on continuum ALMA
images, we propose the following method: (1) Deproject the
image (assuming that the outer edge of the debris disc has
a circular shape4) with the known source inclination and
normalize the image with the maximum pixel intensity; (2)
4 By analysing the discs’ global shape in q = 5 × 10−3 models
assuming different planetary eccentricity we found that the disc
edges are nearly circular (edic . 0.1) for all cases.
estimate the effective image resolution, Dcav/σ¯, on the de-
projected image; (3) calculate the appropriate contour level,
Ic, for the cavity edge fitting by using the following expres-
sion
Ic ' 1
2
(
1 + Erf
( −0.06
σ¯/Dcav
))
; (6)
(4) to infer the contours of the cavity edge, select pixels on
the image which have intensities close to Ic; (5) fit an ellipse
to the selected contours and determine the cavity size, acav;
(6) determine the stellar offset, d, measured from the cavity
centre.
By measuring the cavity size one can infer the orbital
parameters of a putative planet that carved the cavity if
the planet mass is known. However, as δacav is degenerated
[see, e.g., Equation (3] which includes both q and epl), only
a combined range of apl and epl can be given. Thus, for a
given star-to-planet mass ratio, q, and epl the cavity size can
be used to infer a plausible value for apl as
apl =
acav
1 + 7.87q0.37e0.38pl
, (7)
where we use the definition of the cavity size, acav =
(1 + δacav)apl, and the empirical relation for δacav given
by Equation (3). Nevertheless, if a stellar offset (d measured
in the unit of cavity size) is appreciable on the continuum
image, epl can be estimated as
epl =
(
d
0.1q−0.17
)2
, (8)
where we use the empirical relation for the stellar offset given
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by Equation (1). Note that both formulae have intrinsic un-
certainties, which are discussed in the next section.
5.4 Observability with ALMA
We determined the cavity sizes and eccentricities for q =
5×10−3 and 0 6 epl 6 0.9 models from the synthetic ALMA
images (four particular cases are shown in Fig. 7 assuming 50
and 100 pc source distances). The average error in acav, are
found to be modest, 6 per cent and 10 per cent (independent
of planetary eccentricity) for 50 and 100 pc source distances,
respectively. However, the error in the cavity eccentricities
are somewhat larger, 15 per cent and 32 per cent for the
same source distances.
We have shown that the offset of the stellar position
with respect to the cavity centre becomes significant for
epl & 0.2 (see Section 4.3). These offsets are significant on
the synthetic ALMA images, see epl > 0.4 models on Fig. 7.
Detecting such offset might be an indication for an eccen-
tric massive planet, if the pointing error of ALMA antenna
system is less than the observed offset.
As we presented in Section 4.4 an apocentre glow de-
velops for eccentric planets whose brightness increases with
epl. To determine the significance of the apocentre glow we
calculated the disc’s azimuthal brightness profiles, on which
the contrast as the difference between the maximum and
mean flux is measured. We found that the apocentre glow
has a ∼ 5σnoise significance, where σnoise is the standard
deviation of the naturally weighted synthetic ALMA image.
The azimuthal brightness profiles of the discs are
double-peaked for epl < 0.1 models with σ¯/Dcav = 12.5/4
effective resolution (as one can see on the first two top pan-
els of Fig. 7) due to the elliptical beam shape caused by
the assumed declination of our synthetic target. However,
the profiles are single-peaked (as it should be explained in
Section 4.4), if the beam shape is circular. If the source is
at 50 pc distance for which case the effective resolution is
doubled we do not get false glow. For epl > 0.1 do not ap-
pear artificial glows. To summary, care must be taken to
interpret brightness asymmetries on ALMA images if the
effective resolution is lower than about 3, because in this
case an artificial glow can appear on the pericentre side of
the disc causing a double-peaked brightness profile.
We have also shown that the cavity wall rotates as the
planet orbits the star (with a period equals to that of the
planet period for epl 6 0.2 and half of that if epl > 0.3). By
analysing the synthetic ALMA images, we found that the ro-
tation of the cavity edge can not be observed if the effective
resolution is Dcav/σ¯ ' 3 (see top panel of Fig. 7), being sig-
nificantly smaller than Dcav/σ¯ = 12.5 for which case the ro-
tation is visible, see Fig. 4. The cavity edge rotation would be
observable with larger ALMA baselines providing better res-
olution. However, with better angular resolution the achiev-
able signal-to-noise ratio is not high enough (SN 6 10) to
sufficiently fit the cavity edge, assuming a plausible source
brightness ∼ 2 mJy total flux for the source at 100 pc. Nev-
ertheless, for nearby sources, e.g. at a distance of 50 pc, the
cavity rotation becomes visible on the synthetic ALMA im-
ages (see bottom panel of Fig. 7). This can be explained by
that the effective resolution doubles (Dcav/σ¯ ' 6), while the
source brightness quadruples (8 mJy). If the source bright-
ness were smaller (e.g., 4 mJy at 50 pc), the cavity rotation
would still be visible.
5.5 Estimations from ALMA observations
To test our method proposed for determining the orbital
parameters of a putative planet that carves the observed
cavity in a debris disc, we investigated three scenarios: (I)
no planet is known in the system; (II) planet location is
known, but its mass is completely unknown; and (III) both
planet location and mass are known with a certain accuracy.
In scenario I, by measuring acav one can infer plausible
q − apl pairs for a given epl. By measuring d, the plausi-
ble epl can be constrained by Equation (8). Assuming that
the planet has a low eccentric orbit, epl 6 0.05, one can con-
strain the planetary semimajor axis. Since it is reasonable to
assume that q 6 1 Equation (2) leads us to a constraint for
the planetary semimajor axis of apl & 0.3acav, and obviously
apl < 1acav.
In scenario II, by measuring acav and d one can infer the
most probable values for q and epl if the planet location, xpl,
is known. We measured cavity parameters and the planet-
to-star distance for models q = 5×10−3, epl = 0.1 and 0.4 on
our synthetic ALMA images assuming 100 pc source distance
(top row of Fig 7). Since (1 − epl)apl 6 xpl 6 (1 + epl)apl
Equation (7) leads us to a constraint for q shown by solid
curves on the top panel of Fig. 8. Moreover, Equation (8)
also leads us a constraint for a plausible range of epl shown
by dotted curves on the top panel of Fig. 8. As the fitted
parameters of the empirical relations Equations (7) and (8)
have intrinsic errors, while acav and d have ∼ 10 per cent
uncertainties (see Sections 4.3 and 4.5), two-two curves are
plotted for the plausible q and epl. Thus, the most probable
values of q and epl are bounded by the solid and dashed
curves. Taking into account both most probable values of q
and epl one can further constrain those parameters shown
by the shaded regions on the top panel of Fig.8. The original
model parameters marked by + and × lie inside the shaded
regions. As a result, by measuring cavity parameters and
planet position, one can infer q with an order of magnitude
uncertainty.
In scenario III, by measuring acav and d one can infer
apl and epl by using Equations (7) and (8), if q is known with
a certain accuracy. We tested our method on the same mod-
els that previously were used with an assumption of that
q = 5× 10−3 with 20 per cent accuracy (like for HD 95086b,
see, e.g., Rameau et al. 2013). The results are shown on the
bottom panel of Fig. 8. Here we have taken into account the
cumulative errors in the fitted parameters of Equations (7)
and (8) and the ∼ 10 per cent uncertainty of acav and d
discussed in Sections 4.5 and 4.3, respectively. As one can
see, apl can only be determined with a ∼ 10 per cent error
(shown by regions bounded by solid curves). However, if the
planetary orbit is nearly circular (e.g., epl . 0.1), the un-
certainty of apl decreases to ∼ 4 per cent. epl can also be
estimated by an appreciable stellar offset with a relatively
large error of ∼ 20 per cent and ∼ 15 per cent (shown by
dashed vertical lines) for models epl = 0.1 and 0.4, respec-
tively.
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Figure 8. Top panel: estimating q and epl with the assumption
of that the planet mass is unknown (scenario II). Bottom panel:
estimating apl and epl with the assumption of that the planet
mass is known with 20 per cent accuracy (scenario III). The mea-
surements are done on models q = 5×10−3 and epl = 0.1 and 0.4
(represented by + and ×) using acav and d taken from synthetic
ALMA images shown in the top row of Fig. 7. Solid and dashed
lines show the possible ranges, while the shaded regions are the
most probable values of q, apl and epl.
6 SUMMARY AND CONCLUSION
In this paper, we investigated the clearing of the chaotic zone
of a giant planet embedded in a debris disc. N -body sim-
ulations were performed with a GPU-based high-precision
Hermite direct integrator in 3D. We assumed that the de-
bris material consists of collisionless bodies whose dynamics
are affected only by the central star and gravitational per-
turbation of a 1.25 − 10MJup giant planet. We modelled
dynamically cold and hot discs assuming planetary eccen-
tricity (epl) in the range of 0 − 0.9. The outer edge of the
cavity was determined by fitting an ellipse to the millimetre
wavelength (λ = 1.3 mm) thermal emission of the dust. The
cavity edge fitting method is calibrated such that the cavity
size agrees with the previous prediction of chaotic zone size
given by Wisdom (1980) for epl = 0.
Based on our N -body simulations, we conclude that the
chaotic zone and the cavity observed in debris discs are not
identical, in general. Therefore, our new empirical formulae
(Equations 2 and 3) for the size of a giant planet carved cav-
ity gives a more realistic values than previous estimations,
especially for an eccentric giant planet.
Synthetic ALMA images were also calculated with a
resolution of σ¯ = 0.37′′ mean beam size provided by the
C43− 5 antenna configuration assuming ' 2 mJy total flux
emitted by the disc at millimetre wavelengths. To take into
account the MMR removal by collisions (Nesvold & Kuchner
2015), the most populated MMRs were removed from the
source models of synthetic ALMA images. A new method for
the determination of the planetary orbital parameters based
on high-resolution ALMA observations (the cavity should be
resolved by more than about 20 beams) are also given. Our
main findings are the followings:
(i) Independent of the planetary eccentricity, the cavity
wall is not circular but has an elliptic shape. The cavity edge
corotates with the planet with a period equals to and half
that of the planet for epl 6 0.2 and epl > 0.3, respectively
(Fig. 4).
(ii) The cavity centre is off-centred along the semimajor
axis of the planet towards the apocentre. The magnitude of
the offset is found to be d ' 0.2e0.8pl a−0.2pl (Fig. 4).
(iii) An apocentre glow develops for epl > 0 with 12 per
cent − 50 per cent (increasing with epl) contrast between the
bright and faint parts of the disc. The azimuthal extension
of the glow & 120 deg, and peaks at ∼ 300 deg for epl = 0.2.
(iv) The cavity size represented by the semimajor axis of
a fitted ellipse to cavity edge is found to be δacav ' 2.35q0.36
for epl < 0.05 and δacav ' 7.87q0.37e0.38pl for epl > 0.05.
Our empirical formula gives δacav values between the chaotic
zone sizes given by Mustill & Wyatt (2012) and Pearce &
Wyatt (2014), independent of the dynamic temperature of
the disc and the emission of particles trapped in MMRs in-
side the chaotic zone (Fig. 5).
(v) The eccentricity of the cavity edge, ecav, is found to be
a non-monotonic function of epl: ecav is larger for epl 6 0.2,
nearly equals for 0.3 6 epl 6 0.6, and smaller for epl > 0.7
than the planetary eccentricity. ecav is significantly smaller
if the emission of MMR particles are neglected (Fig. 5).
(vi) Our proposed method for determining the cavity size
with ALMA observations, which takes into account the ef-
fective resolution (Dcav/σ¯, number of beams resolving the
cavity) gives appropriate values within a 10 per cent error.
(vii) Assuming a source at 100 pc with a total flux of
2 mJy, the apocentre glow is detectable with a signifi-
cance level of 5. However, if the cavity is resolved by less
than about three beams having an elliptical shape artificial
brightness peaks may appear opposite to the apocentre for
epl < 0.1. With this effective resolution the cavity rotation
can not be detected on synthetic images. In contrast, if the
source is at 50 pc (the cavity is resolved by about six beams)
the cavity rotation is detectable even for a 4 mJy total source
flux.
Measurements of the size of the planet carved cavity
and stellar offset on high-resolution millimetre observations
with ALMA can only predict plausible ranges for q and or-
bital parameters (apl and epl) if q is known with a certain
accuracy. This is due to the fact that δapl depends on both
q and epl.
Our numerical experiments done on synthetic ALMA
images showed that apl and epl can be determined with .
10 per cent and . 20 per cent accuracies if the planet-to-
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star mass ratio is known with 20 per cent error [see bottom
panel of Fig. 8]. If the planet mass is unknown q can only be
inferred with an order of magnitude accuracy (see top panel
of Fig. 8).
We emphasize that the planetary eccentricity can not
be inferred by measuring the cavity eccentricity due to the
degeneracy of ecav − epl relation (see panel (d) of Fig. 4).
However, apocentre glow with high contrast favours orbital
solutions with significant planetary eccentricity (epl & 0.1).
Note, however, that care must be taken when analysing
ALMA observations with highly elliptical shape beam,
which can produce false asymmetries. Moreover, care also
must be taken for highly inclined debris discs (i > 50◦) as
brightness peaks can be an artefact of image reconstruction
(Milli et al. 2012).
Due to the serious resolution requirement, our empir-
ical formulae are best applicable for nearby bright debris
discs, such as Fomalhaut, HR 4796, HD 202628, HD 181327,
HD 107146, and HD 95086. Scattered light images of some
of these discs are consistent with an eccentric cavity: e.g.,
ecav = 0.11 for Fomalhaut (Kalas, Graham, & Clampin
2005); ecav = 0.07 for HR 4796 (Schneider et al. 2009; Thal-
mann et al. 2011), and ecav = 0.18 for HD 202628 (Krist et
al. 2012). In the case of Fomalhaut, recent ALMA observa-
tion at 1.3 mm implied an eccentricity of 0.12 for the cav-
ity and provided the first conclusive detection of apocentre
glow with a apocentre-to-pericentre flux ratio of ∼ 1.1 (Mac-
Gregor et al. 2017). Being bright at milimetre wavelengths
(Moo´r et al. 2013) and having a confirmed 5±1MJup planet
(Rameau et al. 2013), HD 95086 could particularly be a good
target to apply our method.
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